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Abstract-We consider a class of approximations by rectangular finite elements for the Stokes 
problem, with polynomial pressure approximation of degree at most k - 1 on each rectangle. We will 
build an optimal velocity approximation (when both computational cost and accuracy are considered), 
in order to obtain stable elements. 
1. INTRODUCTION 
Let R be a domain in R2; let V = [HG(R)]2 and Q = L2(s2) \ R. The variational formulation of 
the Stokes problem for a viscous incompressible flow, with Dirichlet’s homogeneous conditions, 
consists in finding a pair (a,~) E V x Q (g represents the velocity and p the pressure) solution 
of the following system: 
2P I n &d : g(v) dx - lf.zdx--Lpdivvdx=O, VZEV, 
s 
q div gdx = 0, Vq E Q, 
R 
NOW let Vh and Qh be &ite dimensional subspaces of V and Q, respectively; the discrete 
formulation of (1) is to find &,ph) E Vj x Qh, such that 
2p J &): g(vh)dx- n- b, E vh, 
\Jqh E Qh. 
(2) 
We are looking for two finite dimensional spaces Vh and Qh, which are subspaces, respectively, 
of V and Q, and which satisfy the “inf-sup condition” (see [l]): 
inf 
Ja4!hdiv21hdx > p > o 
QhEQh $p, Ibhb’llqhllQ - ’ 
(3) 
with /3 independent of h. In order to prove the inf-sup condition (3), we use the following theorem, 
the proof of which (see [2]) uses analogous arguments as in [3, Paragraph 11.2.31. 
THEOREM 1. We set W = {a E V I SK div gdx = 0, VK E Th} ({lh}h is a sequence of partitions 
of 0). If there exist two operators nl : V --) Vh and & : W --+ Vh and two constants cl and ~2, 
independent of h, such that 
Il~lVllV 5 c1lldlv, vg E v, (4 
J div (v - II,v) dx = 0, VCEV, v’KC& K (5) 
Typ==et by 4&W 
27 
28 I. PERUGIA 
II~2vllv 5 ~2II~IIV, QTJ E W, (6) 
(7) 
then the inf-sup condition (3) holds. 
Let us introduce the following notation: 
cr = (2 IV E Hm(fl), 21~ E h(K), VK E %a}, (8) 
L;j = {v 1v E H’?f% Z~!K E QdK)r VK E r[h}, (9) 
where Pk( K) = polynomials of degree 5 Ic and Qk (K) = polynomials of degree < k on each 
variable. 
Now we consider rectangular elements with 
vh = [Likl n Hi(fl)]2, (10) 
Qh = &,. (11) 
On each rectangle K, we have (k(k + 1))/2 d.o.f. for the pressure, and 2(k + 1)2 d.o.f. for the 
velocity, 2 x 4k on the boundary and 2(k - 1) 2 in the interior. The functions of vh, on each 
K E Ih, can be expressed as a linear combination of shape functions, every one associated to 
a node of K; to each of the (k - 1)2 internal nodes a pair of “bubble functions” (see [4]) is 
associated. We are going to deal with the following problem: to reduce the number of bubble 
functions in the velocity approximation, keeping the stability and avoiding loss of accuracy. We 
get the following result: if we reduce from (Ic - 1)2 (’ i.e., the dimension of Qk-2) to (k(k - 1))/2 
(i.e., the dimension of P&2), the number of bubble functions in the velocity approximation, we 
get stable elements and we keep the same accuracy. Let us see how this can be done. 
2. NEW ELEMENTS 
The new velocity approximation space is the following: 
vh = [Qk(K) n Pk+2(K)12. (12) 
On each rectangle K, we consider the same nodes on the boundary as ,Cpkl, and (k(k + 1))/2 
internal nodes, to which pairs of bubble functions are associated; each of them is the product 
of a bubble function $2) (obtained by the product of the equations of the edges of K) times a 
polynomial pk-2 E Pk_z(K). We prove that the system of d.o.f. on K: 
s(A), 1 5 i < 4k, 
J g, .zk-2 dx:, tlrk-2 E [pk- (1-)]2, K
where Ai are the nodes on the boundary of K, characterizes $ E b&(K) n Pk+2(K)12 in a 
(13) 
unique way. First, we observe that the system (13) contains k” + 7k d.o.f. (i.e., the number 81c of 
d.o.f. relative to the nodes on the boundary, plus the number k(k + 1) equal to the dimension of 
[Pk_2(K)12) and the dimension of [Qk(K) rl Pk+z(K)] 2 is equal to k2 + 7k; then we set to zero 
the d.o.f. in (13) and we obtain 
zh(Ai) = (O,O), 15 i 5 4k, (14) 
J g,, . ck-2 dx = 0, b&2 E [pk-2(K>12. (15) K 
But & can be expressed by 
Z)hlK = &h + b[2p+2, QK E ,Tjh, (16) 
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where gk_2 E [~k-2(W12, and ZL~ belongs to the following space: 
[span{1,2,z2,... ,2k,Y,Y2,... , Yk, ZY, X2Y, * * ., XkY, ZY2, *. . , “Yk}12 (17) 
(we will indicate (17) with the notation: [Qk(K) \ {52Y2(Qk_2(K))}]2). In the following lemma, 
we will prove that a function of (17) is completely defined by its values at the 4k nodes on the 
boundary; then from (14) it follows that 
& = 0; (18) 
consequently, (15) becomes 
J dx = 0, &-2 E [pk-2(K>12. (19) K b[@&2~Ek-2 
If we set, in (Ig), Tk-2 = &_2’ we will have SK blsl ]pk_2]2 dx = 0, then gk12 = 0, which together 
with (16) and (18) gives gh]K = 0 and completes the proof. I 
LEMMA. A fuflction~h E [Q@)\{x2y2(&-2(K))}] 2 is completely defined by its values at the 
4k nodes on the boundary of K. 
PROOF. We have to prove that the square system (of dimension 8k) defined by the values of & in 
the 4k nodes on the boundary of K has only one solution. Let us consider, for sake of simplicity, 
the unit square [0, l] x [0, 11; imposing to gh to vanish at each node on the boundary, we get the 
following conditions: 
(a) from the vanishing in k + 1 points of the edge [0, l] x {0}, we obtain that the coefficients 
of 1, 5, x2,. . . , xk are null; 
(b) from the vanishing in k + 1 points of the edge (0) x [0, 11, we obtain that the coefficients 
of Y, Y2,. . . , yk are null. 
Now there are only the mixed terms left: 
aixy + a2x2y +. . ’ + akxky + b2xy2 + b3xy3 + ’ * ’ + bkxy”. (20) 
If we impose the vanishing at the points of the edge { 1) x [0, 11, f rom (20) we will obtain xi ai = 0 
and bi = 0 V’i. 
If we impose the vanishing also at the points of the edge [O, l] x {l}, we will obtain ai = OW 
and the proof is complete. I 
In order to prove the stability, we use the following fact. If the pair (Wh,Qh) is a stable 
approximation of (V, Q), then every (I’$, Qh) approximation, with Vh > Wh, is stable. The first 
step consists of the following theorem. 
THEOREM 2. Let wh be the subspace Of Vh (defined by (12)) such that & which appears in (16) 
belongs to [QdW \ {x2y2)1”, and gk-2 satisfies the following condition: 
$I%_1 E &-l(K) such that gk_2 = gradpk-1. (21) 
Then the pair (wh, Li_l) constitutes a stable element for the Stokes problem. 
PROOF. Since the “serendipity” element satisfies the inf-sup condition (see [5, p. 352]), there 
exists an operator ITi which satisfies the conditions (4) and (5). We define II2 in the following 
way: 
n24K E +21&%1(K), (22) 
J div (II22 - g)Qh dx = 0, &h E Pk-l(K). (23) K 
We apply to (23) the Gauss-Green’s formula, and we get 
- J (&?J) . grad Qh dx = J div cqh dx, bh E Pk-l(K). K K (24) 
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Relations (22) and (24) are a system of (Ic(lc + 1))/2 equations (i.e., the dimension of Pk_r(K)) 
in (rC(lc + 1) - 2)/2 unknowns (i.e., the dimension of blzlgrad %1(K)), which is compatible 
for 2 E W (i.e., when div 2 has zero mean value in each element). One checks easily that 
system (22), (24) is uniquely solvable. The existence follows from the uniqueness. Since (23) 
holds, the obtained operator satisfies (7), with Qh = Lo,_,. 
Eventually, we prove with a scaling argument (see [S]) that 
]]~2~II1,K I 4UIIl,K, vc E w. (25) 
We apply Theorem 1 and the proof is complete. a 
The second step is expressed by the following corollary. 
COROLLARY. The pair (Vh,Ci_l), where Vh is defined by (12), constitutes a stable element for 
the Stokes problem. 
PROOF. The proof is now obvious since (Wh, C”,!,) is stable and Vh 3 Wh. I 
If we have a partition of R into rectangles and an ZE_i pressure approximation, we can use 
four different kinds of velocity approximaton in order to obtain stable elements: 
J$] 9 P-3 
vh = {v, I v, E [QdW n pk+zW)12}, (27) 
wh ={gh I -_h v E Vj, such that ?&, in (16) belongs to [Qz(K) \ {z2y2}12, 
and pk_2 satisfies (21)}, 
(28) 
w; ‘(2, I -_h TJ E vh such that a,, in (16) belongs to [Qle(K) \ {s~~~(Q~_~(K))}]~, 
and gk_2 satisfies (21)). 
(29) 
But 13& is too expensive; wh gives rise to a loss of accuracy; using Wz the two components 
of the velocity get mixed in the building of a basis, since we must impose on the functions the 
condition to be gradients of functions of Pk_1. We can conclude that Vh defined by (27) is an 
optimal approximation space for the velocity if we have an CE_, pressure approximation. 
Similar considerations can be extended to the three-dimensional case. The result is the follow- 
ing: if we have an .CE_, pressure approximation, then the velocity space 
vh = [Q/c(K) n 8~+&)]~ 
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